Optimal solutions are given for the two following problems: the condition for a degree 4 polytmmial to have only positive valves and the condition for an ellipse to be inside the unit circle.
Positive Polynomials
Let P(x) : = ax 4 + bx 3 + cx 2 q-dx + e; the problem is to solve (v x 
The first remark is the following:
LEMMA 1. Let Q(x) be a monic polynomial of degree d; the sign of its discriminant is s = (--1) (d2-r)/2, where r is the number of its real roots. Thus r-dEq-s-t--3 rood 4 alinea:
This is the proof. See Weiss (1963, p. 166) .
The second remark is that if Q(x) has four real roots, they cannot be all of the same sign (their sum is 0). Thus, if r > 0, the product of the roots is positive and the curves t L.1.T.P. and Greco de Calcul Formel (CNRS).
0747-7171188/010261 +06 $03.00/0 C(C) 1988 Academic Press Limited y = x4+px 2 +r and y = -qx have two intersection points with x > 0 and two with x < 0. The symmetry of y = x4+px 2 +r shows easily that if r > 0 and if this curve has 0 or four common points with y=-qx for some q, the same is true for all q' with Iq'l~lq]. Property (2) implies that discriminant (Q) >t 0, and putting q' = 0 in the last remark we get the equivalence of (2) We have used Remark 1 to avoid the cases a = 0 of Theorem 1; if (V x)P(x) >1 0 and (3 x)P(x) = 0, the last x has to be a double root and D = 0. However, if P(x) has two imaginary double roots we have D = 0, but (V x)P(x)> 0. The second condition of the proposition takes this case into account; it corresponds to the condition p<0 and p2 -4r = 0, the nullity of the discriminant implying q = 0. REMARK 2. The Sturm theorem between -oo and + oo gives similar conditions with R replaced by
which is slightly more complicated than R. Moreover, when D and this determinant are null we have to add a condition which separates the case of two double roots from a triple root. This solution was given by Arnon (1985) . Thus the polynomial and the logical formula appearing in this solution are both more complicated than in our.
REMARK 3. In the five-dimensional space of the parameters (a, b, e, d, e), the set of solutions of (1) is of dimension 5 and its boundary is of dimension 4; this boundary contains an open subset of the hypersurface D =0. Thus the polynomial D or some multiple of it must appear in every solution. The fact that the polynomials R and 8ac-3h z are as simple as possible is clear in Proposition l, where they are p and 19 2-4r, Thus, the solution of Theorem 1 is the simplest with respect to the complexity of the polynomials which appear in it.
The Ellipse Problem
This problem, also called the Kahan problem, consists in writing down conditions such that the ellipse E(x, y) = 0 with 
A first approach consists in a parametrisation of the ellipse 2at 1 -t 2 x=c-~ l+t2, y=d+b l+t2, which gives the equivalent condition
The numerator of the left-hand side of this inequality is a polynomial in t of degree 4. Thus the formula of Theorem 2 gives a solution of the problem. Unfortunately, this solution is not the simplest. However, applying Lemma 1, we get the polynomial T in a, b, c, d such that T = 0 is equivalent to "the ellipse and the circle are tangent" and T > 0 is equivalent to "the ellipse and the circle have 0 or four simple common points". 
/'the ellipse is inside the circle, the same is true !/'c is rephteed hy zero. (b) I/~ when c is replaced by zero, the new ellipse is inside the circle, then the ellipse and the circle have at most two real intersection points.
Suppose by symmetry that c >1 0. This follows immediately from all the preceding results.
REMARK 4. In all our proofs we have used some convexity argument. It seems that it is necessary for obtaining simple results in quantifier elimination. How can we put such convexity argument in a general procedure? REMARK 5. A formulation which is logically simpler but where more polynomials have to be evaluated in each test is T>~0 and c2+(b+[dl) 2 ~< 1 and d2+ (a+[c[) 2 <~ 1 and ((b 2~<a and a 2~<b) or (a> b and a2d 2 <~ (1-a2)(a2-b2)) or (b <a and b2c 2 <~ (1-b2)(b2-a2))). REMARK 6. Clearly the above calculations are not purely hand made. The polynomials T, D and R were computed with MACSYMA which was also used for various experimentations. REMARK 7. Among the polynomials which appear in Lauer's solution are d2(U-c2(a2 +b2)) with U = a2d2-(1-a2)(a2-b 2) -V+d2(a2+b 2) with V=b2c2-(1-b2)(b2-a 2) d2T, which have to be compared with those appearing in our solution.
